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Given positive integers p and q, a (p,q)-solid torus is a manifold diffeomorphic to Dp+1× Sq
while a (p,q)-torus in a closed manifold M is the image of a differentiably embedding
Sp × Sq → M . We prove that if n = p + q + 1 with p = q = 1 or p = q, then M is
homeomorphic to Sn whenever every (p,q)-torus bounds a (p,q)-solid torus. We also
prove for p = q that every closed n-manifold for which every (p, p)-torus bounds an
irreducible manifold is irreducible. Consequently, every closed 3-manifold for which every
torus bounds an irreducible manifold is irreducible.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Suﬃcient conditions for a C∞ closed n-manifold M to be homeomorphic to the sphere Sn or at least irreducible are
well known. In the ﬁrst case we have the Generalized Poincaré Conjecture which requires that M be a homotopy sphere
[6,14,18,19]. Another condition but for n = 3 is that every simple closed curve in M lies in a 3-ball [2]. In the second case
we can mention the well known condition that M be covered by Rn (e.g. when the universal cover is foliated by planes
[15]). In this paper we suggest more conditions based on the Solid Torus Theorem [1,10]. To state them we need some short
deﬁnitions.
Denote by Dn the standard unit closed disk in Rn , n ∈ N. A codimension one submanifold S of a manifold is two-sided
if there is a neighborhood U of S and a diffeomorphism h : S × [−1,1] → U such that h(S × 0) = S . An n-sphere (resp. an
n-ball) is a manifold diffeomorphic to Sn (resp. Dn). We say that M is irreducible if every two-sided (n − 1)-sphere on M
bounds an n-ball (this deﬁnition follows [13] rather than that in p. 62 of [9]). Given positive integers p,q with p + q  n,
a (p,q)-torus in M is the image of a C∞ map Sp × Sq → M which is a homeomorphism onto its image. A (p,q)-solid torus
is a manifold diffeomorphic to Dp+1 × Sp . Notice that a (1,1)-torus (resp. (1,1)-solid torus) is just a torus (resp. solid
torus) in the classical sense. We say that a (p,q)-torus bounds a manifold with a certain property if it separates M in two
components, one of which satisfying that property (we will be interested in the property of being a (p,q)-solid torus or at
least an irreducible manifold).
The Solid Torus Theorem asserts that every torus in S3 bounds a solid torus. Its current generalization [8,11,12,17,20]
asserts that if p  q, n = p + q + 1 and p + q = 3 every (p,q)-torus in Sn bounds a (p,q)-solid torus. The natural question
is then whether the converse of this result holds. In other words, is a closed n-manifold with n = p + q + 1 homeomorphic
to Sn whenever every (p,q)-torus bounds a (p,q)-solid torus?
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Solid Torus Theorem: every closed 3-manifold for which every torus bounds a solid torus is diffeomorphic to S3 (although
simple this converse go unnoticed by some authors, see for instance Remark 1.3 p. 690 in [4]). For the uncovered cases
p = q  2 we will obtain alternatively that every closed n-manifold for which every (p, p)-torus bounds an irreducible
manifold is itself irreducible. Since every (p,q)-solid torus is irreducible (e.g. Lemma 1) we will obtain that every closed
n-manifold for which every (p, p)-torus bounds a (p, p)-solid torus is irreducible. Taking p = 1 we obtain that every closed
3-manifold for which every torus bounds an irreducible manifold is irreducible.
2. Statements and proofs
The closure the interior and the boundary of a set F will be denoted by Cl(F ), int(F ) and ∂ F respectively. The proof of
the probably well known lemma below is included for the sake of completeness. Hereafter p and q will be positive integers.
Lemma 1. Every (p,q)-solid torus is irreducible.
Proof. It suﬃces to prove the lemma for Dp+1 × Sq . Without loss of generality we can assume that it is embedded in Sn ,
where n = p + q + 1. Consider a two-sided (n − 1)-sphere S in Dp+1 × Sq ⊂ Sn . We can suppose that S ⊂ int(Dp+1 × Sq).
By using the generalized Schoenﬂies theorem [5] we have that S bounds two balls B1 and B2 in Sn . Now, ∂(Dp+1 × Sq) =
Sp × Sq and so it is connected because p is positive. It follows that ∂(Dp+1 × Sq) is contained in the interior of either B1
or B2. Therefore either B1 or B2 is contained in Dp+1 × Sp . Thus S bounds a ball in Dp+1 × Sq . 
A fake (p,q)-solid torus is a compact manifold which is not a (p,q)-solid torus but is bounded by a (p,q)-torus. Let us
present two examples.
Example 2. The fake (1,1)-solid tori are precisely the cubes with knotted hole considered in [3]. One can ﬁnd one of
them in int(D3) (e.g. [16]). On the other hand, if p = q, then E = Sp × Dq+1 is a fake (p,q)-solid torus. Indeed, E is not
homeomorphic to Dp+1 × Sq (for p = q) and clearly ∂E is a (p,q)-torus.
Denote n = p + q + 1.
Lemma 3. If p = q = 1 or p = q, then int(Dn) contains a fake (p,q)-solid torus.
Proof. For p = q = 1 we have that a fake (1,1)-solid torus in int(D3) exists by Example 2. Now suppose p = q. As noted in
[7, p. 33] we have that Sp+q+1 is the union of Dp+1 × Sq and Sp × Dq+1 with common boundary Sp × Sq , i.e.,
Sp+q+1 = (Dp+1 × Sq) ∪ (Sp × Dq+1).
Now write Sq = Dq1 ∪ Dq2 where Dq1 and Dq2 are q-balls with common boundary sphere. Replacing above we get
Sp+q+1 = (Dp+1 × Dq1
) ∪ (Dp+1 × Dq2
) ∪ (Sp × Dq+1).
But Dp+1 × Dq1 is a (p + q + 1)-ball so (Dp+1 × Dq2) ∪ (Sp × Dq+1) also is since its complement in Sp+q+1 is Dp+1 × Dq1.
Then, we can assume
Dn = (Dp+1 × Dq2
) ∪ (Sp × Dq+1).
Choosing E = Sp × Dq+1 we get from the last identity that E ⊂ Dn . Moreover, E is a fake (p,q)-solid torus by Example 2.
Enlarging Dn a bit we get E ⊂ int(Dn). 
The above argument fails for p = q 2 since knot theory fails and Sp × Dp+1 is homeomorphic to Dp+1 × Sp . The next
lemma is a reformulation of a well known criterion (e.g. [16]) allowing us to identify n-spheres.
Lemma4. A closed n-manifold M is homeomorphic to Sn if and only if it is union an n-ball, with two-sided boundary, and an irreducible
compact n-manifold.
Proof. One direction is trivial. For the other one let M = D ∪ N be a closed n-manifold which is the union of an n-ball
D , with two-sided boundary ∂D , and an irreducible compact n-manifold N . It is clear that D ⊂ N for otherwise N = M
contradicting the fact that M is boundaryless. Clearly ∂N ⊂ D and so we can assume that ∂N ⊂ int(D), by enlarging D a bit,
so ∂D ⊂ int(N). Since ∂D is a two-sided sphere and N is irreducible we conclude that ∂D bounds an n-ball D ′ in N . But
D ′ = D since D ⊂ N so int(D) ∩ int(D ′) = ∅ which implies M = D ∪ D ′ since ∂D = ∂D ′ . Since D and D ′ are balls we get the
result (cf. [16]). 
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Lemma 5. If int(Dn) contains a fake (p,q)-solid torus, then every closed n-manifold for which every (p,q)-torus bounds a (p,q)-solid
torus is homeomorphic to Sn.
Proof. We can assume that Dn is embedded in M with two-sided boundary. Let E be a fake (p,q)-solid torus in int(Dn).
Since ∂E is a (p,q)-torus we have ∂E bounds a (p,q)-solid torus. Since E is not a (p,q)-solid torus by deﬁnition we
conclude that Cl(M \ E) is a (p,q)-solid torus, and so, it is irreducible by Lemma 1. Since E ⊂ int(Dn) we have M =
Dn ∪ Cl(M \ E) and then the result follows from Lemma 4. 
Now we present our ﬁrst result.
Theorem 6. If p = q = 1 or p = q, then every closed n-manifold for which every (p,q)-torus bounds a (p,q)-solid torus is homeo-
morphic to Sn.
Proof. If p = q = 1 or p = q, then int(Dn) contains a fake (p,q)-solid torus by Lemma 3. Since every (p,q)-torus bounds a
(p,q)-solid torus we obtain the result from Lemma 5. 
The case p = q = 1 above yields the converse of the Solid Torus Theorem:
Corollary 7. Every closed 3-manifold for which every torus bounds a solid torus is diffeomorphic to S3 .
Hereafter we shall study the case p = q so n = 2p + 1.
Lemma 8. For every n-manifold B with Sn−1 ⊂ ∂B and every n-ball U ⊂ B with U ∩ Sn−1 = Dn−1 there is an n-ball B∗ ⊂ U such
that
∂
(
Cl
(
B \ B∗)) = (∂B \ Sn−1) ∪ (Sp × Sp).
Proof. First we prove the lemma for B = D2p+1. In such a case we have ∂B = S2p so ∂B \ S2p = ∅. Suppose without loss of
generality that D2p+1 ⊂ S2p+1. Let Dˆ2p+1 = Cl(S2p+1 \ D2p+1) and B∗ ⊂ U be a (2p + 1)-ball of the form B∗ = Dp+1 × Dp
plugged to Dˆ2p+1 ≈ Dp+1 × Dp along their common boundary component Dp+1 × Sp−1 via the identity map. It follows that
∂(Dˆ2p+1 ∪ B∗) = Sp × Sp and then
∂
(
Cl
(
D2p+1 \ B∗)) = ∂(Dˆ2p+1 ∪ B∗) = Sp × Sp. (1)
For general B we observe that a tubular neighborhood S2p ×[0,1] of S2p ⊂ ∂B is obtained from D2p+1 by removing a small
(2p + 1)-ball from D2p+1 and gluing the external sphere of the resulting manifold to S2p . This carries the ball B∗ ⊂ D2p+1
into S2p × [0,1] in a way that
∂
(
Cl
(
B \ B∗)) = (∂B \ S2p) ∪ ∂(Cl(D2p+1 \ B∗)).
Now apply (1). 
We shall apply the above lemma twice. For the ﬁrst one recall n = 2p + 1.
Lemma 9. If M is a closed n-manifold for which every (p, p)-torus separates, then every two-sided (n − 1)-sphere in M separates.
Proof. Suppose by contradiction that there is a non-separating two-sided 2p-sphere S in M . It follows that there is a simple
closed curve c ⊂ M intersecting S only once. Denote by B the manifold obtained by cutting open M along S . Its boundary
consists of two components, connected by a curve c˜ induced by c, one of which is S = S2p . Take concentric n-balls U ⊂ V in
B , disjoint from c˜ and with two-sided boundaries, such that both U ∩ S and V ∩ S are (n− 1)-balls with U ∩ S ⊂ int(V ∩ S).
By Lemma 8 there is an n-ball B∗ ⊂ U so that if we deﬁne E = Cl(B \ B∗) then ∂E = (∂B \ S) ∪ (Sp × Sp). Reversing the
construction of B we obtain that the part ∂ ′E = Sp × Sp of ∂E is a (p, p)-torus which does not separates since the simple
closed curve c ⊂ M intersects ∂ ′E just once. But since ∂ ′E is a (p, p)-torus we have from the hypotheses of the lemma that
∂ ′E separates, a contradiction. This proves the lemma. 
Now we state our second result.
Theorem 10. Every closed n-manifold for which every (p, p)-torus bounds an irreducible manifold is itself irreducible.
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separate M . Recall n = 2p + 1.
To prove that M is irreducible we must prove that every two-sided 2p-sphere S in M bounds an n-ball in M . Applying
Lemma 9 we have that S separates M . As in the proof of Lemma 9 we take concentric n-balls U ⊂ V in B with two-sided
boundaries such that both U ∩ S and V ∩ S are (n − 1)-balls with U ∩ S ⊂ int(V ∩ S). Again by Lemma 8 there is an n-ball
B∗ ⊂ U so that if we deﬁne E = Cl(B \ B∗) then E is a n-manifold with boundary the (p, p)-torus ∂E . Then, we can apply
the hypothesis to conclude that ∂E bounds an irreducible manifold. It follows that either E is irreducible or Cl(M \ E) is
irreducible.
First suppose that E is irreducible. Recalling that V ∩ S is an (n − 1)-ball we have that the sets
Dn−11 = Cl
(
∂V \ (V ∩ S)) and Dn−12 = Cl
(
S \ (V ∩ S))
are both (n − 1)-balls with common boundary ∂(V ∩ S). It follows that the union S∗ = Dn−12 ∪ Dn−13 is an (n − 1)-sphere.
On the one hand, S∗ is two-sided since ∂V and S are and, on the other, S∗ ⊂ E . Since E is irreducible we conclude that S∗
bounds an n-ball in E and so in M too. But the Dn−12 part of S∗ lies in V which is a ball attached to S . So, we can collapse
Dn−12 along V to obtain that S itself is the boundary of an n-ball. This proves the result in the ﬁrst case.
Now suppose that Cl(M \ E) is irreducible. Observe that ∂E = ∂(Cl(M \ E)) hence ∂B∩∂E ⊂ Cl(M \ E). But clearly ∂B \∂E ⊂
M \ E so ∂B ⊂ Cl(M \ E). It follows that S = ∂B is a two-sided (n − 1)-ball in Cl(M \ E) which is irreducible. Then, S = ∂B
bounds an n-ball in M and we are done. The proof follows. 
Since every (p,q)-solid torus is irreducible (e.g. Lemma 1) we obtain the following corollary including the aforemen-
tioned case p = q 2.
Corollary 11. Every closed n-manifold for which every (p, p)-torus bounds a (p, p)-solid torus is irreducible.
Finally, taking p = 1 in the above corollary we obtain the following.
Corollary 12. Every closed 3-manifold for which every torus bounds an irreducible manifold is irreducible.
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